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; [11] 1 :









$x_{\nu}$ $x$ $\mathbb{F}[x]$ $P,$ $Q$ $\Vert P\Vert$
$P$ : ( )
$\succ$ $\mathbb{F}[x]$ $\succ$ $P$
lt $(P)$ lc $(P)$
lPP$(P)$ :lt $(P)=$ lc$(P)lpp(P)$ $P$ $Q$
$S$ Spol $(P, Q)$ $P$ $Q$ Lred$(P, Q)$ $Parrow^{Q}$
$Parrow^{Q}\tilde{P}$ $\tilde{P}$ $G$
$S$




acc$(f-g)=2^{k} \max${acc $(f)$ , acc $(g)$ } $2^{k}$
$2^{k}$
( )








$(f+g)-f’$ acc$(f)=$ acc$(g)=$ acc$(f’),$ $f=f’,$
$|f|\gg|g|$ ($f-f’$ ) $f+g$ $g$ $f$



















2 acc $(P)$ $P$




$(a_{1}, \cdots, a_{r})$ $P$ (Syzygy)
: $\Vert F_{1}\Vert=.$ . . $=\Vert F_{r}\Vert=1$
$\Vert P\Vert$ $P$




$(b_{1}F_{1}+\cdots+b_{r}F_{r}=0 (b_{1}, \cdots, b_{r})$ )
2( ) $F_{1},$ $\ldots$ , $F_{r}$ $\Vert F_{1}\Vert=\cdots=\Vert F_{r}\Vert=1$
$P=a_{1}F_{1}+\cdots+$ a $\max\{\Vert a_{1}\Vert, \cdots, \Vert a_{r}\Vert\}$




3( ) $F_{1},$ $\ldots,$ $F_{r}\in \mathbb{F}[x]$ $\Vert F_{1}\Vert=\cdots=\Vert F_{r}\Vert=1$
$P=A_{1}F_{1}+\cdots+A_{r}F_{r}$ $(A_{1}, \cdots, A_{r})$ $P$
$P$
$\epsilon_{app}$ $P=0$ (tol $\epsilon_{app}$ )
$\Vert P\Vert<\epsilon_{app}\max\{\Vert A_{1}\Vert, \cdots, \Vert A_{r}\Vert\}$ , $0<\epsilon_{app}\ll 1$ . (3.1)























$F_{r};\epsilon_{2}\rangle$ if $\epsilon_{1}<\epsilon_{2}$ . (3.3)
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Buchberger Buchberger
$P$ $Q$ lpp$(Q)$ lpp$(P)$
acc $(P)\ll$ acc $(Q)$ $Parrow^{Q}\tilde{P}$ $P$ $\tilde{P}$
acc $(\tilde{P})\gg$ acc$(P)$ $P$ $\tilde{P}$
5( ) $\Gamma=\{G_{1}, G_{2}, \cdots\}\subset \mathbb{F}[x]$ $F\in \mathbb{F}[x]$ $\Gamma$ $F=$
$F_{1}$




$\Gamma=\{G_{1}, \cdots, G_{s}\}$ 2
(1) $\langle F_{1},$ $\cdots,$ $F_{r}\rangle=\langle G_{1},$ $\cdots$ , $G_{s}\rangle$ (2) Spol $(G_{i}, G_{j})arrow^{\Gamma}0(\forall i\neq j)$
5
6( ) $\Phi=\{F_{1}, \cdots, F_{r}\}\subset \mathbb{F}[x]$ $\epsilon_{init}$





(1) $\langle F_{1},$ $\cdots,$ $F_{r};\epsilon_{init}\rangle=\langle G_{1},$ $\cdots,$ $G_{S};\epsilon_{init}\rangle_{\backslash }$




ii) app$GB$ $P$ $Q$
acc $(P)\leq$ acc $(Q)$ lPP$(P)|1pp(Q)$ $Q$ $P$
$P_{i}=\hat{P}_{i}+P_{i}^{\cup}$ , acc $(\hat{P}_{i})<$ acc $(P_{i}^{\cup})$ Spol $(P_{1}, P_{2})$
Lred $(P_{1}, P_{2})$ $P_{1}^{\cup}$
1 app$GB$
Buchberger app$GB$ 1)
$2)arrow$ $.arrow$ 3) $\Psi$
3 1) Buchberger
2 $)$ 3) app$GB$ $\epsilon=\epsilon_{init}$ ii)
$\epsilon_{init}$




local: $\Psi:=\{\}$ ; $\epsilon:=\epsilon_{init}$ ;
Stpl: While $\forall F\in\Phi$ is reducible by $\Phi’=\Phi\backslash \{F\},$
do $F\cdot\cdotarrow\tilde{F};\Phi’$ $\Phi:=\Phi\backslash \{F\}$ ;
If $\tilde{F}=0$ or acc $(\tilde{F})>\epsilon_{app}$ then nil
else if acc $(\tilde{F})\leq\epsilon$ then $\Phi$ $:=\Phi\cup\{\tilde{F}\}$
else $\Psi$ $:=\Psi\cup\{\tilde{F}\}$ ;
$od$ ;
If $\#(\Phi)=1$ then goto Stp3;
Stp2: For anew pair $(F_{i}, F_{j}),$ $i<j$ , taken from $\Phi,$
do Spol $(F_{i}, F_{j})\cdot\cdotarrow\tilde{F};\Phi$
If $\tilde{F}=0$ or acc $(\tilde{F})>\epsilon_{app}$ then goto chk;
If acc $(\tilde{F})\leq\epsilon$ then
$\Phi$ $:=\Phi\cup\{\tilde{F}\}$ and goto Stpl
else $\Psi$ $:=\Psi\cup\{\tilde{F}\}$ and goto chk;
$od$ ;
chk: If there is any unchecked pair then goto Stp2;
Stp3: If $\Psi=$ $\{\}$ then return $\Phi$ ;
Let $F$ be the smallest accuracy element of $\Psi$ ;
Move $F$ from $\Psi$ to $\Phi$ ;







1 $\Phi=\{F_{1}, \cdots, F_{r}\}\subset \mathbb{F}[x]$ acc$(F_{i})=\epsilon_{init}(i=1, \ldots, r)$
Claim-l. $S=Spo1(F_{i}, F_{j})(i\neq i)$ $\langle F_{1},$ $\cdots,$ $F_{r},$ $S;\epsilon_{init}\rangle=\langle F_{1},$ $\cdots,$ $F_{r};\epsilon_{init}\rangle$
Cl m-2. $\Phi’=\Phi\backslash \{F_{i}\}$ $F_{i}\cdot\cdotarrow\Phi’$
$\langle F_{1}, \cdots, F_{i}, \cdots, F_{r};\epsilon_{init}\rangle=\langle F_{1}, \cdots,\tilde{F}_{i}, \cdots, F_{r};\epsilon_{init}\rangle_{0}$
$S=AF_{i}+BF_{j},$ $A,$ $B\in \mathbb{C}[x]$ , Claim-l
$F_{i}arrow^{F_{j}}F_{i}’(i\neq\cdot i)$ , acc $(F_{j})\leq$ acc $(F_{i})$ , $T$
$F_{i}=TF_{j}+F_{i}’$ acc $(TF_{j})\leq$ acc $(F_{i})$ $TF_{j}\succ F_{i}’$
$A_{i},$ $A_{j}\in \mathbb{C}[x]$ $A_{i}F_{i}+A_{j}F_{j}$ $A_{i}F_{i}’+(A_{i}T+A_{j})F_{j}$
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Claim-2 $\phi$
2( ) app$GB$ $\langle F_{1}$ , $\cdots,$ $F_{r};\epsilon_{init}\rangle$ $\epsilon_{app}$
$\epsilon_{app}\geq\epsilon_{init}$
1 app$GB$ $\Gamma$
6 (1) 1 $\Gamma$ $(G_{i}, G_{j})$ app$GB$
Spol $(G_{i}, G_{j})$ $arrow 0\Gamma$ (tol $\epsilon_{app}$ ) (2) $\theta$
5
“ ”
3, 4 “ “
3 $\Gamma=\{G_{1}, \cdots, G_{s}\}$ $\epsilon_{app}$ $M$ $P\prec M$
$P\in \mathbb{F}[x]$ $\Gamma$
$P\prec M$ $P\in\langle G_{1},$
$\cdots,$
$G_{S};\epsilon_{init}\rangle$ $P$ . $.arrow\tilde{P}\Gamma$




$\{$ lt $(A_{1}G_{1}),$ $\cdots$ , lt $(A_{r}G_{r})\}$ $P$ $P$ $\Gamma$
$P$ $P$ $A_{1}’G_{1}+\cdots+A_{r}’G_{r}$ Jlln
lpp$(A_{1}G_{1})=\cdots=$ lpp $(A_{l}G_{l})\succ$ lpp $(A_{l+j}G_{l+j})$ ,
$(j=1, \ldots, s-l)$ , $l=1$ $A_{1}G_{1}$ $G_{1}$ $l>1$ $1pp(P)=$
$lpp(A_{1}G_{1})$ lt $(P)$ $A_{1}G_{1},$ $\ldots$ , AlGl $G_{1},$ $\ldots,$ $G_{l}$
$l>1$ lpp $(P)\prec$ lpp $(A_{1}G_{1})$
$(\star)$ :lt $(A_{1}G_{1})+\cdots+$ lt $(A_{l}G_{l})=0$ (tol $\epsilon_{app}$ ) lt $(A_{i})=a_{i}U_{i}$ lc $(G_{i})=c_{\dot{\eta}},$
$(i=1, \ldots, l)$ $a_{i},$ $c_{i}\in \mathbb{C}$




SPol $(G_{i}, G_{i+1})$ Spol $(G_{i}, G_{i+1})$ . . $\Gammaarrow 0(to1\epsilon_{app})$
$A_{i}G_{i}=$ lt $(A_{i})G_{i}+$ rt $(A_{i})G_{i}$ , lt $(A_{i})\succ$ rt $(A_{i})$ , $P$ $1pp(A_{i}’G_{i})\prec 1pp(A_{1}G_{1})$
$A_{1}’,$ $\ldots,A_{s}’$ $P=A_{1}’G_{1}+\cdots+A_{s}’G_{S}+P’$ acc $(P’)>\epsilon_{app}$
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2 $\Gamma=\{G_{1}, \cdots, G_{S}\}$ $\epsilon_{app}$ $1\leq i<$
$i\leq s$ SPol $(G_{i}, G_{j})=u_{ij}G_{i}-v_{ij}G_{j}$ $u_{ij},$ $v_{ij}$
Spol $(G_{i}, G_{j})$ $\Gamma$ ; $w_{ijk}\in \mathbb{C}[x]$





Spol $(G_{i}, G_{j})\cdot\cdotarrow 0\Gamma$ (tol $\epsilon_{app}$ )
4 $M$ 3 $\epsilon_{1}(=\epsilon_{init}),$ $\epsilon_{2},$ $\ldots,$ $\epsilon_{k}$ app$GB$ $\epsilon$
$(\epsilon_{1}<\epsilon_{2}<\cdots<\epsilon_{k}\leq\epsilon_{app})$ app$GB$
$\Gamma=\{G_{s_{1}+1}, \ldots, G_{s_{1}+t_{1}}, \cdots, G_{s_{k}+1}, \ldots, G_{s_{k}+t_{k}}\},$
(5.4)
$acc(G_{s_{i}+j})=\epsilon_{i} (i=1, \ldots, k;j=1, \ldots, t_{i})$ .
$R_{j_{1},j_{2}}$ 2 $R_{i},\ovalbox{\tt\small REJECT}$ Spol $(G_{j_{1}}, G_{j_{2}})$




lpp$(A_{1}G_{1})=\cdots=1pp(A_{t}G_{l})\succ$ lpp$(A_{t+j}G_{l+j}),$ $(j=1, \ldots, s-l)$ ,
$(\star)$ :lt $(A_{1}G_{1})+\cdots+$ lt $(A_{l}G_{l})=0$ (tol $\epsilon_{app}$ ) $l\geq 2$
3 lt $(A_{i})=a_{i}U_{i}$ lc $(G_{i})=c_{i},$ $(i=1, \ldots, l)$ , (5.1)
$(\star)$ $0$ $[U_{i}G_{i}/c_{\dot{\tau}}-U_{i+1}G_{i+1}/c_{i+1}]=V$ Spol $(G_{i}, G_{i+1})$ ,
$V$ 2 Spol $(G_{i}, G_{i+1})=R_{i+1}+ \sum_{k=1}^{s}w_{i,i+1,k}G_{k}+\mathfrak{B}_{i,i+1}$
$R$ $V\hslash_{i+1}\rangle$ $R$ $R$
$\epsilon_{i}$
6




$2\cross 10^{-16}$ ) 40
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1( ) $fi,$ $f_{2},$ $f_{3}$
$\Vert$ 56/57 $yfi$ –57/56 $xf_{2}-2xyf_{3}\Vert\simeq 0.000041$
$\{\begin{array}{l}fi= 57/56 x^{2}y+68/67xz^{2}-79/78xy+89/88x,f_{2}=56/57xy^{2}-67/68yz^{2}z^{2}+78/79y^{2}- - 88/89 y1.’\end{array}$
$f_{3}=$ $y$ $+$
(6.1)
$\langle fi,$ $f_{2},$ $f_{3}\rangle$ $\mathbb{Q}$
$\{\begin{array}{l}g_{2}=z^{6}-0.6986\cdots z^{4}-1.0012\cdots z^{2}+0.6974\cdots,g_{3}=y-z^{2}-1,g_{1}=x-0.1490\cdots y^{2}z^{2}+y^{2}-, yz^{4}-, yz^{2}-, and y- terms.\end{array}$
$\epsilon_{app}=0.0001$
$\{\begin{array}{l}G_{3}=\#EF(1.000000000000000000\cdots e-0,5.0e-39)y-\#EF(1.000000000000000000\cdots e-0,5.0e-39)z^{2}-\#EF(1.000000000000000000. . . e-0,5.0e-39) ,G_{2}=\#EF(1.000000000000000000\cdots e-0,5.0e-39)xz^{4}+xz^{2}-term+x-term+y^{2}-term-\cdots-y- term,G_{1}=\#EF(1.000000000000000000\cdots e-0,5.0e-39)x^{2}z^{2}+x^{2}-term-xy-term+xz^{2}-term+x- term.\end{array}$
acmin $(G_{i})$ , acmax$(G_{i})=O(\epsilon_{init}),$ $(i=1,2,3)$ , :





$\{\begin{array}{l}G_{1}, G_{2}, G_{3} are the same as above,G_{4}=\#EF(0.999999999999999999\cdots e-0,1.5e-31)z^{6}-\#EF(O.686678690478816648\cdots e-0,3.0e-31)z^{4}-\#EF(1.001246563216279752\cdots e-0,3.0e-31)z^{2}+\#EF(0.697421305831601912\cdots e-0,3.0e-31) ,G_{5}=\#EF(0.999999999999999999\cdots e-0,5.0e-29)x-\#EF(0.669949437931807210. . . e-0,2.5e-29)y^{2}z^{2}+y^{2}-term+yz^{4}-term-yz^{2}-term-y- term,G_{6}=\#EF(0.999999999999999999\cdots e-0,1.5e-34)xz^{2}+\#EF(O.999999999999999999\cdots e-0,5.0e-39)x-y^{2}z^{2}-term+y^{2}-term+yz^{4}-term+\cdots\end{array}$
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$G_{4}$ 15800 $\epsilon_{init}$ 106000 $\epsilon_{init }G_{5}$ 60400 $\epsilon_{init}$
122000 $\epsilon_{init\backslash }G_{6}$ 60400 $\epsilon_{init}$ 105000 $\epsilon_{init}$ 2 $\sim$ 7
acmax$(G_{5})\gg$ acmax$(G_{1})$ , acmax$(G_{2})$
$G_{5}$ $G_{1},$ $G_{2}$
$G_{1},$ $G_{2},$ $G_{3},$ $G_{4},$ $G_{5},$ $G_{6}$
$0$
2( ) $fi,$ $f_{2},$ $f_{3}$
$fi-zf_{2}+2yf_{3}/3=(y^{2}z+yz^{2})/30000$
$\{\begin{array}{l}f_{1}:=yz((xy-3y)-(2xz-z))/3,f_{2}:=y(xy-30001/10000y)/3,f_{3}:=z(2xz-9999/10000z)/2.\end{array}$
$\langle fi,$ $f_{2},$ $f_{3}\rangle$ $\mathbb{Q}$ ( )
$\{g_{2}=f_{2}, g_{3}=f_{3}, g_{1}=y^{2}z+yz^{2}, g_{4}=yz^{2}\}.$
40 A
$+\epsilon$ $B$ $\epsilon$ $fi$
$F_{1A}=\#EF(1.000000000000000594\cdots e-0,1.0e-3Sxy^{2}z$
$-\#EF(1.999999999999998954\cdots$ e-o, 2.$0e-3Sxyz^{2}+\cdots,$




$c_{A}$ $c_{B}$ A $B$ $c$
$\epsilon_{app}=0.001$
$\{\begin{array}{l}G_{3}=\#EF(1.000000000000000000\cdots e-0,5.0e-39)xz^{2}-\#EF(0.499950000000000005\cdots e-0,2.5e-39)z^{2},G_{2}=\#EF(0.999999999999999999\cdots e-0,5.0e-39)xy^{2}-\#EF(3.000100000000000155\cdots e-0,1.5e-38)y^{2},G_{4}=\#EF(1.000000000000000000\cdots e-0,6.0e-39)y^{2}z^{2}.\end{array}$
$G_{2}$ $G_{3}$ $G_{4}$
1/10200
0. $9999\cdots y^{2}z+0.9999\cdots yz^{2}.$
$\epsilon_{app}=10^{-13}$
$\{\begin{array}{l}G_{2}, G_{3}, G_{4} are the same as above,G_{6}=\#EF(0.999999999999999999\cdots e- O, 6.0e-35)yz^{2},G_{1}=\#EF(0.999999999999999999\cdots e-0,1.5e-34)y^{2}z+\#EF(0.999999999999999444\cdots e-0,5.0e-35)yz^{2}.\end{array}$
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$G_{6}$ $10200\epsilon_{init\backslash }G_{1}$ $10200\epsilon_{init}$ $25700\epsilon_{init}$
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